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Lesson (1) 
Solving quadratic equations in 


First: Solving the quadratic equations in one variable algebraically: 


(1) By factorization (2) by the general formula 


2a 
Where a is coefficient of x?, b is coefficient of x and c is the absolute term. 
Second: Solving the quadratic equation in one variable graphically: 


The curve intersects The curve touches The curve does not 
X — axis at two points X — axis at one point intersect x — axis 


V. 


There are two solutions There is a unique solution There is no solution 
inR inR inR 
The S.S.={L, M} The S.S=/L! The S. S=@ 


In case of the interval is not given, then we can graph the function by finding the 
Vertex of the curve which is (2 , f(2)) , and then we find some points to the 
right of it, and the same mmber of points to the left of It. 
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Exercises (1 


1)Find Algebraically the S.S in R: 
(2)x° +9= 0 


(Dx*—-120 
(3) x^ + 3x = 0 (4)x? — 6x + 9=0 


2) Find the S.S of the following equations using the general formula : 


(x x +7=0 <<knowing that VZ = 1.455 
(2)3xº-65=0 << Approximate the result to the nearest tenth >> 


temm 
PYYTASEEVW 
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Lesson (2) 
An introduction in complex number 


The imaginary number " i " 
The imaginary number " |" is defined as the number whose square is = 1, 


e We can write the square roots of a negative numbers as follows: 
i= VIR = 4A > 4-3- Jar Ws 


Find the S.S. in the set of imaginary nunibers: 


Dx + 25 =0 
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The Complex number 15 the number that can be written in the form: a + 5i, 
Where a and b are two real numbers and i? =- 1 
* a 1s called the real part. 


e bi is called the imaginary part. 


The Set of Complex number C 15 defined as - 
C—lactbi:aeR,beR,i*^-—1] 


in 
a) (3 


Two Complex numbers are equal if and only 1f ( æ) the two real parts are 
equal and the two imaginary parts are equal. 


i.e. 1f : (a+ bi) and (c + di) are two Complex numbers and if: a= c „b= d 
then : a +bi =c + di and vice versa: if: a + bi = c + di, then : a= c, b= d 


axtyrc2rt3ji 


bx—3jyt(ZxTtyi-7ü-ct5i 


c)W4x—ycr(2xtyhj-^2J3-ct/i 
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Ihe two numbers: a + bi and a — 5i are called Conjugate numbers. 
Note: lake care that the Complex number and its Conjugate differ only 
in the sign of their 1maginary parts. 


2 + 5 í and 2 — J i are conjugate numbers 


3 i — 7 and -3i — 7 are conjugate numbers (-7+31 ) and (-7 — 31) 
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Exercises (2) 


Q) Is x /—12 


TT EY RTS 
(2) (2-5 i) -—(7-9i). 
(3) 2+ 3) (3-4) 
(4) (4-31) (4 +3i 


Dia - 

QE — 
(3 + i)(3 — 1) 

3-41 


3 2 
(2) y* HAS = 0 sas ses sos soe emm 
(9) 4x? + 100 = 75 222 ane op 000 tto oos cao cao 000 000 sas sos 000 co 
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Lesson (3) 
Determining the type of roots of a 
quadratic equation 
Discriminate | 
+The expression. | b^ = da c is called the discriminant of the quadratic equation 


Because it is used to determine the types of roots of the quadratic equation 
as follows: 


A sketch for the function related to 


Is positive Two different real roots 
(b* = dac] sÜ 


Is equal to zero Two equal real roots 
b^-4acsü 


is negative Two Complex and nan 
b= dacat Real roots 


Determine the type of roota without solving: 
US x -/xtl02ü 
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b) If the two roots of the equation : Sx’ +de +k = Dare 
Complex and not real. 


2] IF a and b are rational no. prove that the two roots of the equation 
ax’ + bx + h a = Ø are rational. 
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Determine 


"TEEITET ET. | == TT] 


(4 rx £ | (SILT 11! 


1) Prove that: the two roots of the equations x = Ax + 2 = D are complex and 
not real, then use the general formula to find those two roots 


3) Find the value of k in each of the following cases: 
1) If the two roots of the equation: $X” + dx + k = 0 are real and different. 


2) If the two roots of the equation: ke = ax + 16 = 0 are complex and not real 


4) find the values of the real numbers m that satisfy on: 


fot = I) x -Zmx + m = D has no real roots. 
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Relonon between the two roots af the second 


degree eguanon and the coeficient of its terms 


We know that the two roots of 


bávh* ae feb? ec œ. | 
— Let one of the tum 


DL +M = € + 


The sum of the twe roots TRES L+M=— 


Coefficient of x^ 


Absabute term 


The product of the two roots = Cosfüicienrofz? 


Remark: 
In the quadratic equation ax” +b x + c=0 
1) If {a = 1], Then :L+M = -b and LM= c 
2) If (b - 0), Then L-M - 0, Le. L=-M 
Le. one of the two roots of the equation is the  — 0 0 —„, 


3) If : = c), Then :LM-1 ie L= = 


i.e. One of the two roots of the equation is the 


4) If one of the two roots of the equation ax C bx + e = is —— — 
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Exercises (4 


1) Without solving the equation find the sum and the product of the two 
roots of the following equations : 
(1) 4x*-4x—3520 


(2) 3 x? = 23x — 30 


(3) (2x — 3)(x + 2) =0 


2) If the product of the two roots of the equation:3x? + 10x —c = 0 is — 
Find the value of c, and then solve the equation im the set of complex number. 


“even nn... ie ie 


a a =$ 
3) If the sum of two roots of the equation:2x^ + bx — 5 = 0 is Ce find 
the value of b , then solve the equation in the set of the complex number. 


4) Find the other root of the equation, then find the value of a in each 
of the following : 
(a) If: x = -2 is one of the two roots of the equation: x^ — 2x +a=0 


5) Find the value of a ,b in each of the following equations, If: 
(a) 5,3 are the two roots of the equation: x^ + ax +b = 0 
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Lesson 5 
Forming the quadratic equation whose two roots are known 


Let L and M be the two roots of the quadratic equation:a x* + b x+ c = 0 


By multiplying the two sides by : where a # O , the equation becomes in 
the form : x? +? x + £ = iex? -(2)x «5-0 (1) 


a 


But L + M = = ,LM =“ By substituting in (1) , we get the quadratic 


a a 
equation whose roots are L,M which is: x -(L-M)x-«LM-0 (2) 


by factorizing , we get another form of the last equation : (x — L)(x — M)=0 
Remember the following identities: 
1) I? + M? = (L + M)? = 2LM 
2) (L= MY = (L + M)? — 4LM 
3) I? + M? = (L + M)[(L + M)? — 3LM] 
4) I? — M? = (L — M)((L + M)* = LM] 
5) LL 
L LM 
+M (LEM) -2LM 
LM LM 


M 
TT 
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Exercises (5) 
1) Form the quadratic equation whose two roots are : 


(2)-51, 51 


(3) 3-24/21,3 + 2421 


2) If Land M are the two roots of the equation:x* — 7x + 5 = 0 Then Find 
the numerical value of each of the following expressions 
(1) LM + M°L 


3) If L and M are the two roots of the equation: x* — 3x — 5 = 0, Then 
Find the equation whose roots are: L — 4 and M — 4 


4) If Land M are the two roots of the equation: x? + 3 x = 5 = 0, Then 
Form the quadratic equation whose roots are : Land M? 


5) Find the quadratic equation in which each of the two roots exceeds 
One of the two roots of the equation: x^ = 7 x = 9 = 0 
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Lesson 6 


Sign of a function 


Investigating the sign of a function 
Investigating the sign of a function 1s to determine the values of x at which 
The values of the function f are as follows: 


Positive, i.e. f(x)-0 j Negative , Le. f(x)--0 | equal to zero , Le. fix)= | 


First : The sign of the constant function ] 


e The following two figures represent the two functions : 


f: Fx) = c (where c is positive) f f(x) 


c(where c is negative) 
y 


iE WA e447 + th + + + + + 4 4 


We notice that : 


The function is positive for all x € R 


4 


rom the previous, we deduce that 


Che sign: of the constant function f: f(x) esame sign of c vx i 


f:fix)-bx*c(bis 
positive ) 
y 


We notice that the sign of the 
function ; 
is the same as the sign of 


- =Ë 
b(positive) at x > = 
is opposite to the sign of 
b(negative) at x « = 


=Ë 
e equals Zero at x = 4 


From the previous, we deduce that 


LAL Yee Je alda 
Geel 2000 Language Schools 


We notice that the sign of the 
function ; 

e is the same as the sign of b 
(negative) at x > = 

e is opposite to the sign of b 

(positive) at x < = 


e equals Zero at x = = 


To find the sign of the linear function f: f(x) = b x +c, bx 0, we put 


f(x) 20 “bx+c=0 «x 
1) Is the same as the sign of b atx > — 


2) Is opposite to the sign of b atx < K | 


3) f(x) = 0atx = = 
We can show that on 
The number line as follows: 


^ The sign of the function f : 
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Third: The sign of the second degree function 
(quadratic function) 


To determine the sign of the quadratic function f f (c) =ax +bx+c.a+0 
We have to obtain the discriminant of the equation: à x^ + b x + c = zero 


Three cases: 2 
1] The discriminant : b“ - 4ac>0 


e [fais positive ; ; e Ifais negative 


“The equation has two roots , let them be L , M where L- M 


The sign of the function 1s as follows : 


e isthe same as the sign of aat x € R —[L,M] 

e is opposite to the sign of a atx €]L,M[ (L) (M) 

e equals zero atx eL, M} x ç == co 

e Andweillustratethison f(x) lhe same as opposite to | the same as 
the opposite number line. thesignofa | the sign of a] the sign of a 


2] The discriminant : b*- 4ac <0 


If a is positive ais negative 


The sign of the function is the same as the sign of a VE R 


Page 
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" z 2 - Å ] 
3] The discriminant : b'- 4ac = 0 
If a 15 positive r If ais negative 


he sign of the function 15 as follows : 
e Is the same as a at xz L 
+ Is equal to zero at x=L 

We can illustrate this on 

the opposite number line. 


1] draw the graph of the following function , then from the 


a)f:fíx) =x —3x- 6 [0,5] 


Tk a K 


GLA Y. > alda 
Geel 2000 Language Schools 


Exercises (6) 


of the functions which are defined by the followi 
(D£É£xe5.....—-——-—-———— QD REP ...————————————----- 
(3) Axel x QHO RAJS- x LL. 
(5) f(x)22 x+4 


2 |Determine the sign of each of the following functions which are defined 
bv the following rules , Then represent your answer on the number line : 
(D f(x) = x? — 8 x + 16 


3] Draw the curve of the function f: f(x) = x? — 9 im the interval [- 3 , 4]. 
From the graph , determine the sign of f 1n that interval. 


4 ] Draw the curve of the function f: f(x) = —x? + 2 x+ 4 in [- 3, 5]. From the graph 
, determine the sign off in that interval. , 
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Lesson 7 


Quadratic inequalities in one variable 


Solving quadratic inequalities in R: 


Find in R the solution set of the inequality : x* R x +6 > 0 


solution | 
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1] Find in R the solution set for each of the following inequalities : 


(Dx +2x=8>0 


2) Find in R the solution set of the following inequalities : 


(1) 5 x? + 12ÆS 44 
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Lesson 1 


Directed angle 


Dir ected À angle 
If OA, OB: are the two sides of an angle whose vertex is "O " . then: 
1) (OA, OB) represents the directed angle 2 AOB 


Whose initial side OA and terminal side OB 


— —» Í 
2) (OB, OA) represents the directed angle 2 BOA 


"u^ " —' x P -— 
Whose initial side OB and terminal side OA 
Ihe directed angle 


It is an order pair of two rays called the sides of the angles with a common 
starting point called the vertex. 


(OA. OB) 4 (OB, OA) , So: ZAOB directed angle $ 2 BOA directed 
angle 


1) The measure of the directed angle 
ZAOB is positive if the direction of 
The rotation from the initial side to the 


terminal side is anti-clockwise. 


2) The measure of the directed angle ZAOB 


is negative if the directed of the rotation 


from the initial side to the terminal side is clockwise. 


Page 
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Remarks: 


such that the sum of the absolute values of the two measures = 360°. 


2) The positive measure of the directed angle = © 
Then the negative angle = © - 360 


3) The negative measure of the directed angle = -© , then the positive 


O, Find the measure of the directed angle 0 in each of the following figure: 


in) ^ ix) (i (i i» i (i ES f) f$ i i (i n ECS ES OO) Ce SCCO [i (i) 6 [i b) SEEN) 


ICIO PEDA 
[ Exa ampie 


JOS CIOCOII CIRO a 


a) The +ve measure of the directed angle whose measure is (= 170°) = 
b) The -ve measure of the directed angle whose measure is (320°) = 

c) The +ve measure of the directed angle whose measure is (— 215°) =... 
d) The =ve measure f the « Li a an; ngle whose measure is (85°) =... 


2) Its ; initial side lies on the diis 
direction of X — axis . 
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If the directed angle Z AOB is in the standard position and its positive 
measure © is then its terminal side OB lies in one of the quadrants: 


od Quadrant 1** quadrant 


90? < 0 = 180? 


3'*quadrant 


180? < 0 « 2709 


If the terminal side lies on one of the two axes , then the angle is called 


(quadrantal angle) 


ie. The angles whose measures are 0º, 90º, 180º, 270°, 360°are quadrant angles. 
Determine the quadrant in which each of the directed angles whose measures are: 
213º , 132º , - 310° , - 15º, 270º 


LT XRK KK KKK KKK KKK KKK K KKK KK KKR KKK KKK KKR KKK KKK KKK KKK KKK KKK KK 


The directed angles are said to be equivalent if they have the same terminal side. 


Find a positive and a negative measure of an angle co-terminal with each of the 


Following angles: 


A 120° 


C 1 285° 


NEI - 
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CE Complete the following : 


( 1 ) The directed angle is with a common starting 


point which is 
( 2) LƏ The directed angle is in its standard position if 
( 3 ) The measure of the directed angle is positive if the direction of the initial side to the 


terminal side is and negative if the direction is 
( 4 ) Æ It is said that the directed angles in the standard positions are equivalent if 


( 5) Ëd If the terminal side of the directed angle lies on one of the coordinate axes » then 


it is called 


Choose the right answer : 

( 1) £D The angle whose measure is 60º in the standard position is equivalent to the angll 
of measure 
(a) 120° (b) 240° (c) 300° (d) 420° 


(2). The angle of measure 585º is equivalent to the angle in the standard position of 


measure 
(a) 45? (b) 135º (c) 225º (d) 315* 


( 3 ) The angle whose measure is 950º is equivalent to the angle in the standard position o: 


measure 
(a) 130° (b) —130° (c) 235º (d) - 230º 

( 4 ) All the following angles are equivalent to 75? in the standard position except 
(a) = 285º (b) — 645° (c) 285? (d) 435° 

( 5 ) The quadrant in which the angle of measure 1670? lies is the 
(a) first (b) second (c) third (d) fourth 

( 6 ) The angle whose measure is (— 135?) lies in the quadrant. 


(a) first (b) second (c) third (d) fourth 


Page 
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Lesson 2 


System of measuring angle 


If 07? is the radian measure of the central angle in a circler 1 
of radius length r subtends an arc of length 1, Then 


grad - f 
r 


€ 
Vs grad — Í ;.f=0" xr 
r 


rad’) and is read as one radian. 


Itis the radian angle which is denoted by (1 
Definition of the radian measure: 


It is a central angle in a circle subtends an arc of length equals the length 
of the radius of the circle. 


= 


a) {= 15 cm,r= 10 cm 


Find the length of the radius of the circle : 
90-16" .2-22.5cm b)0-243'45 , 2 =43.92 cm 
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. measure ofthe arc _ length of this arc , m(AB) _ length of ÁB 


` measure of the circle circumference ofthe circle ^ 360° 27r 
m(ZAMB) length of AB 
1809 nr 


Assuming that: m(« AMB)- x? in degrees, grad in radians, length of AB = 


it 
and from it | 9"?4 = x? x R 
180? 


Find in term in 7 the radian measure of each of the following : 


v m(ZAMB) = m(AB) + 


Find the degree measure in each of the following : 
D= 2)0.727 3049"!  4)-1.67% 


Complete : 


257 ,. . 
1) The angle of measure r3 lies in the Quadrant. 


2) The radian measure of the angle of measure 43° 12 is 

3) The sum of measures of the quadrilateral in radian 15 

4) In a circle of diameter length 12 em , the length of the arc subtended by 
a central angle of measure 60° = 

5) In the circle whose radius length is unit length, the measure of the 
central angle in radian is Its length arc. (0.5 ,0.25,2, 1) 
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Exercises (2) 


Choose the right answer : 
: 2 -— 
(1) The angle of measure = lies in the ===» quadrant. 


(a) first (b) second (c) third (d) fourth 


(2) The angle of measure s lies in the quadrant. 


(a) first (b) second (c) third (d) fourth 


= OIE 


(3) 1.) The angle of measure lies in the quadrant. 


(a) first (b) second (c) third (d) fourth 
(4) If the degree measure of an angle is 43° 12 sthen its radian measure is 
(a) 0.24% (b) 0.24.7t (c) 0.2874 (d) 0:28 7t 
( 5.) The degree measure of the angle of measure an IS; eene 
(a) 540° (b) 820º (c) 150º (d) 480º 
(6 ) The sum of the measures of the angles of the quadrilateral in radian equals 
(a) 23t (b) IU (c) 2Z (d) 3 N 


E 


(7 ) If the sum of measures of the interior angles of a regular polygon equals 
180° (n — 2) where n isthe number of its sides: » then the measure of the interior angle 
in radian of a regular pentagon equals 
3 2 
(a) À (b) 7 c) ETE (ay 
(8) In à circle of diameter length 12 cm. » the length of thé are subtended by à central 
angle of measure 60° equals — em. 
(a) 5 7X (b) 4 n (c) 32t (d) 23 
(9) L. The measure of the central angle in à circle ot radius length 15 em. and opposite 
to an arc of length 5 Zt cm. equals 
(a) 30º (b) 60º (c) 90° (d):180° 


(10 ) If the measure of one of the angles of a triangle is 75° and the measure of another 


IU 
a) = (c) = 
( ) 3 C 6 
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1) Find in terms of m the radian measure of each of the following angle: 
b) - 210° 


2) Determine the degree measure and the radian measure for the central angle that 
subtend an arc of length (f) in a circle of radius (r) in each of the following cases: 
l)£=12cm ,r=10 cm 2) {= 14 om t= cm 


3] Find the length of the radius of the circle in which a central angle (0)is drawn 
Subtend an arc of length (£)in a circle of radius(r)in each of the following Cases: 


(1)8 — = „P = 22,5 em. (2) 0. 2 0.767'?4 ,£ = 38.35 cm. 
(3) 0 = 139? , ? = 24.325 cm. (4)0 = 78?36'26 ,f = 43.92 cm. 


4 |Find to the nearest one decimal place of a centimeter the length of an arc in a circle 
of radius length( r) subtending a central angle of measure(@) in each of the following : 
(1) r= 12.5 cm. , 9 Abel (2)r=7.5 cm. , 0 = 67º40' 


5] Find the circumference of a circle which has an arc length of 12 cm. subtended 
by an inscribed angle of measure 45? 


6] If the measure of a central angle in a circle equals 105? subtending an arc of 


7T 
length 7 cm. Find the length of the diameter in the circle. 


GLA Y. > caylee 
Geel 2000 Language Schools 


Lesson 3 
Trigonometric function 


The unit Circle: 
In any orthogonal coordinates system: 
A circle of center at the origin point and of radius 
equals one unit is called a unit circle. 


Remarks: 
1) The unit circle intersect the x — axis at the two points 


(1, 0), (-1, 0) and intersect the y — axis at the two points 
(0, 1), (0, -1). 
2) If the point (x, y) € the unit circle, then 


*x? + y?- 1 from Pythagoras' theorem. Where x € [—1, 1], y € [—1, 1] 


The basic Trigonometric functions and their reciprocals 
If Wedraw the directed angle AOB inthe standard position 


and its terminal side intersects the unit circle 
At the point B (X ,y) and ifim(ZAOB) = 8, then 
1) The basic trigonometric functions of 
the angle whose measure 0 are: 
(1) cosine of the angle = x = coordinate of the point Bso cos 0 = x 


(2)Sine of the angle = y — coordinate of the point Bso sin 0 = y 


(3) Tangent of the angle = y-coordinate of the point B 


x=coordinate of the point B 
So tan0 = y/x = sin0/cos 0, where x # O 


Notice thar: The coordinates of the point B (X , y)can be written as (cos ñ , sin. 9) 
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2) The reciprocals of the basic Trigonometric function for the angle of 
measure O are: 


1 


(1) The Secant of the angle (sec) = x=coordinate of the point B 


1 1 
So sec ñ == ,where x Æ O 
x cos 0 


1 


f th | E TLD 
12) The Cosecantef the angle (esc) y—coordinate of the point B 


1 1 
So cscÓ "s ,where y # O 


x-coordinate of the point B 
(3) TheCotangent of the angle = = 
y-—coordinate of the point B 


x cos 0 1 
So cot = = = = 


= where 0 
y sin 8 tan O * h 7 = 


Signs of trigonometric functions: (ASTC) 


Wecan summarize signs of the trigonometric functions in the following table: 
D Sign of Sign of Sign of 
Cos, sec Sin, CSC - tan, Cot 
First 
x 
JO, al + + + 
econd 
TT 
^ D nl + 


LAU Y «s he cule 
Geel 2000 Language Schools 


Exercises (3) 


Choose the correct answer from those given : 
( 1) If 8 is the measure of an angle in the standard position s its terminal side 


; € 3 x 
intersects the unit circle at the point tê , do ə then sin 8 = 


2 


| 3 | 
(a) LJ EET UE MET (d) 
= 3 


(2) Ifsin 0 <= T » where 0 is the measure of a positive acute angle s 
^) 


then the measure of angle 0 = 
(a) 30° (b) 60° 


(3) LI If sin82-1 »cos8=0 »then the measure of angle 9 = 
(a) Z (b) X (o) 2238 


(4) E] If esc 0 = 2 » where Bis a positive acute angle » then the measure 
of angle 0 = 
(a) 15? (b) 30° (c) 45º (d) 60* 
( 5 ) If tan 0 = 1 » where O is a positive acute angle + then the measure 
of angle O = sss. 
(a) 60° (b) 30° (c) 45º (d) 90* 


s 3 x - i 
(6) (X) If cos 0 == » where 0 is a positive acute angle »then sin O = 


p 2 13 
OT : - (d) -a 
(7) cot? 30º — sec? 60º + csc? 45° = 


(a) ] (b) 0 5 (d) 2 


(a) $ 
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1] Determine the signs of the following trigonometric functions: 


(1) tan 410? (2) sec 265? (3) cot 321/3 (4) cot 31/4 


2 lif the terminal side of the directed angle whose measure is Qin the standard position 


: "- Å 3 =v7 
intersects the unit circle at the point A (- F i 1: 


(1) Determine the quadrant in which the angle @ lies. 
(2) Find all trigonometric functions of the angle 0 


3 ] IFO is the measure of the directed angle in the standard position and B is the 


intersection point of its terminal side with the unit circle , then find all 


trigonometric 
functions of the angle 0 in each of the following cases: 


(DB(-x,x),x»0 (2) B = ,72a where 31/2 < 0 < 2r 


4] Find the value of each of : 


(1) tan?30º + 2sin*45° + cos?90? 


5 | Prove each of the following equalities : 


T 217 s 2T . 0 0 6 =: 0 — ej 
(1) cos + = COS 7 Sm = (2)sin60° cos30" = cos 60" sin 30" = sin 


IT 


GLA Y. > caylee 
Geel 2000 Language Schools 


Lesson 4 
Related angles 
Definition of the related angles: 


They are two angles the difference between their measures or the sum of 
their measures equal a whole number of right angle. 


The relation between trigonometric functions of related angles 
h 


2™quadrant,sin , csc are (+ve) 1**quadrant, All functions are (+ve) 
(180° — 0) , (90° + 8) 0 , (90° = 0) 
3"dquadrant „tan , cot are (+ve) 4 quadrant cos ,sec are (+ve) 


(270º = Ø) ,(180° + 8) (270º + Ø) ,(360° — Ø) ,—8 


sin(90° = 0) = Cne 0 ,csc(90° = 0) = sec 
cos(90º = 0) = sin ,sec(90° — Ø) = cscó 
tan(909.— 8) = cot ,cot(90° — 0) = tan 8 


sin(90º + 9) = cos O , csc(90? + 8) = sec 
cos(90º + 6) = —sin 4 ,sec(90° + 8) = —csc 
tan(90° + 9) = — cot ,cot(90° + 9) = — tan @ 


sin(180" = 8) =sin@ ,€sc(180" — 6) = cscô 
cos(180º = 6) =—cos@ ,sec(180° — 9) = —secó 
tan(180? — 0) = —tanO ,cot(180° — Ø) = — cot 
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sin(180? + 9) =—sin@ ,csc(180° + 0) =—escé 
,sec(180° + Ø) = —sec@ 
,cot(180° + Ø 


cos(180? + 0) = = cos 
tan(180º + 0 


sin(270° — 0) = — cos6 ,csc(270° 0) — secO 


cos(270° — 8) = —sin@ ,sec(270°\— 8) = = csc 0 


tan(270° = 8) = cot , cot(270?-— 6) = tan 


,€$c(270? + 6) = sec 
,sec(270° + 8) = cscó 
,cot(270° + Ø 


sin(270° + 8) = —cosé@ 
cos(270? + 0) = sin@ 
tan(270º + 0 


sin(360? — 8) = —sin@ ,csc(360° — 0) = — csc 8 


cos(360? — 8) = cos 0 ,sec(360? — 0) = sec 0 


tan(360° — 8) = — tan 0 ,cot(360° — 9) = — cot 0 


Remark: 
sin(-0) = -sin ,cos(—@)=cos@  ,tan(—0) = —tané 
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Exercises (4 


Choose the correct answer : 
à JU s 
(LATE sin À = cas 2 8 Ela ST «then sin 3 4 = 
(à) 5 (b)i (c) Zéro 
(:2:) If tan 6 =cot 20 $0? <6 «90? + then sin 8 + cos 2 02 = 
l 


(a) 1 (br=1 (æ) 2 (dys 


(3) L If sinoc2 cos p where o and B are two acute angles s then tan (G + B) =e : 


(a) À (b) 1 (o3 (d undefined 
3 


If sin 2 0 = cos 4 0 where 0 is a positive acute-angle 
+ then tan (90° —3 6)= 


(a) =1 (b) l (c) 
45 
(5)1f 5.cos (90° —8)24 50° < 0 «90? + then smp <= 
(a) à bð (OS 
(6) If cot (90? +0)+1=0 where 0° < 0 < 90° sthencos4 0 = 
(à) A (b)-l (c) zero 


CTT] cos (909 + 6) + sin (90^ —2 0) 20 «where 0 € ]o 3] “then sin 2 0 = -— 


3 
(a) + (by) (C) zero (d) EC 


( 8)1fcos(270* —9) = a where 0 is the measure of the smallest positive angle 
sthen 8 = 
(a),30* (b)-150* (c) 210° (d).330* 


| =5 
(9°) Tt tan G= »cos 0 «0 s then csc 0 = < 
s ` WI = §3 


(d) + 


(a) 30° (b) 150° (c):210º (d) 330º 
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Complete the following : 

(15), EL) tan:42º Sicot (:2 GL) cse 13? = sec 

(3°) EL) sin-25? = cos (4)... cos 67? 2 sin 

(:5,):cos (90º —0) = ( 6 y cot (90° + 0) = 

(7: ): EJ CSC (360? —9) = (8)tan(180? =0) = 

(:9:) sec(270° = 01 = (10) sin (—9)o =e: 

(11) cos (0 = 90°) = (12):c$c (0.— 270°) = 

(13) ee 105^ = (14) Sin 15º  cot 70° _ 
esc 15° tan 20° cos 75° 

(15) tan 120° = tan (90? + ) 

(16) sin 300? = sin (360º — )2-sin 

(17) cos 8+ cos (180° —0) = 


(18) sin O + cos (270° +0) = 


(19) If» Bare the measures of two complementary angles and sin à = 


sthen cos D = 


(23) If sin O = sin (90º — 8) «then tan O = 


(24) M esc = ^ :8€ Jo += [ «inen 0 = 


(25) If cot 20 = tan 0 2 U where O is the measure of a positive acute angle s» then 
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By using the calculator ; choose the correct answer : 


(1) In the opposite figure : 
DEBC AC = 10 cm, »AB = 12 cm. » then cot 8 = «ss: 
6 


(D-7 


( 2.) In the opposite figure : 
ABCD is a square + CE = 2 BE s then tan 0 = = 
(a) 3 

(c) + 

( 3) In the opposite figure : 
A ABC is a right-angled triangle at B » tan 0 = i , 
then cos O = «sus 


Ns A 


à 4 M 
(c) 5 (d) 5 


(4) In the opposite figure : 
ABCD is a rectangle »tan 0 =<, BF L AE 3 
then COL OL = n 
(a) + 

| 


(6) = 


(> 
— 
ro & |w 
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Lesson 5 


Graphing trigonometric function 


(First) sine function: f : f (0) = sin 


Es 


0 w | 2m | 3T 4m | ot] m Te 8m | 97 | 10x | MAL s 
B l elel 6 L4 6l 


smo] © fos [osa [os7[os | o ED ECC EN ar 
Yy 


From the previous, we can deduce that : 
Properties of the sine fünction in the form: f: f(@) = sin 


1)The domain of the sine functionis | = ©, «| 


E 5 s 5 m 
2) *The maximum value of the function is 1 and it happens when 8 = „+ 217 


TT : : ; 3T 
VTheminimum value of the function is -^ 1 and it happens when 0-7 =" 2177 
where nez 


*The range of the function = [—1 ,1] 


3) The function is periodic and its period is 2x: (360°) 
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(Second) cosine function : f:f(8) = cos 
LIÉE TL EEE" 
2 r u r 


cose | 1 10.87) 0.5 | 0 | 0.5] —0.87] =1 | 0.87] —0.5| 0 | 0.5 [0.87] 1 | 
y 


Krom the previous, we can deduce that: 
Properties of the cosine function in the form: f : f(@) 


1) The domain of the cosin function is | = «e ,æ| 
2) “The maximum value of the function is land it happens when 8 = = TR TE 
*The Minimum value of the function is = 1 and it happens when 
" +2nrwheren € Z *The range of the function = [-1, 1] 


3) The function is periodic and its its period is 2 x (360°) 


Note: Each of the two functions: y =a sin b 0 ,y = a cos b Gis periodic on 
its period is 27/|b| and its range [= a, a] where a is positive. 
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Exercises (5) 


1) Complete the following : 
(1) The range of the function f where f (0) = sin 8 is 
(2) The range of the function f where f (8) = 2 sin 0 is 
(3) If : f (x) = 4sin @ ,then the range of the function is 
(4) If : f (x) — cos 5 0 ,then the range of the function is 
(5) The maximum value of the function f : f (0) = 4sin O is 
(6) The minimum value of the function f where : f (8) = 5 sin is 
(7) function f : f (8) = 2 sin 4 Ø is a periodic function and its period =..... 


2] Find the maximum and minimum values , Then calculate the range of 
each of the following functions : 


(1) y = sin8 (2) y = 5sin8 (3) y = 3 cos8 (4) y = 2cos8 


Multiple choice: 


If sin O = 0.4325 where O is a positive acute angle; then m (7^ 0) equals 


(A) 25.626° 64.347° (GC) 32/388º (D) 46.316* 


(2) Iftan0=1.8and90º< O < 360°, then m (77 O) equals 
(A) 60.945? 119.055* (C. 240.945° (D) 299.055° 


( a Use the degree measure to find the smallest positive angle which satisfies each of the 


following: 


(A) sin! 0.6 cos! 0.436 (€) tan! 1.4552 


(D sec! (- 2.2364) (E) cot! 3.6218 (F ) ese (-1.6004) 


GLAD Y «ss > SET 
Geel 2000 Language Schools 


GLA Y. > caylee 
Geel 2000 Language Schools 


Lesson ( 1) 


Similarity of polygons 
Definition 
Two polygons M, and M, (having the same number of sides) are said to be similar if the 
following two conditions satisfied together : 
U Their corresponding angles are congruent. 
H The lengths of their corresponding sides are proportional. 


In this case + we shall write : the polygon M, ~ the polygon M, » that means the 
polygon M, is similar to the polygon M, 


In the opposite figure > if : 


L 
Z 
mZ. mL mB mi « x 
sm(ZC)=m(ZZ) 
sm(Z DDE mL) 
B Y X 


A 
AB. BC CD. DA " 
tå XY YZ" 2L" IX Ñ then the polygon ABCD = the polygon XYZL 


If the polygon ABCD = the polygon XYZL : then : 
U m(Z.A)=m(Z X)sm(ZB)em(Z Y) 
m(Z C)2m(Z Z) »m(ZD)zm(Z U 


AY YA ZL LX 
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Show which of the following pairs of polygons are similar s showing the reason and if 
they are similar 5 determine the similarity ratio : 


a LE 6cm. X 


Similarity ratio of two polygons 


t K be the similarity ratio of polygon M, to polygon M, 
It: K>1 then polygon M, 1s an enlargement of polygon M, 
O<K<1 then polygon M, is a shrinking of polygon M, 
K zl then polygon M, is congruent to polygon M, 


In general: you can use the similarity ratio in calculation of the dimensions of 
similar figures. 


Golden ratio 
rectangle ABCD ~ rectangle EFBC 
AB _ BC 
EF “FB 
x -x~1=0 
by solving the quadratic equation, we get: 


x=1+/5 , x=1:/8 «0 refused 


~ 1.618 


The golden ratio is 1.618 : 1 approximately. 
Page 
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All golden rectangles are similar. 


Exercises (1) 


( 1) Two polygons of the same number of sides are similar if 
( 2) If the scale factor of similarity of two polygons = 1 » then the two polygons 


(3) Two similar polygons ; the ratio between the lengths of two corresponding sides in 
them is 2 : 3 sif the perimeter of the smaller is 14 cm. » then the perimeter of the bigger 


C 16cm. 


(4) In the opposite figure : 
If rectangle ABCD ~ rectangle AXYZ » 
DC = 16cm. s 
BC=ZY = 12cm. 
s then AY = success cm. 


In the opposite figure : 

Polygon ABCD ~ polygon XECF 
(1) Prove that: AB // XE 

(2) IfXE=+ AB , CF 2 6cm. 


2 -- 
» find the length of : FD 


If two angles of one 
triangle are congruent to 
their corresponding angles 
of another triangle. 


sLBaeZyY 
then AABC = A XYZ 


Lesson ( 2) 
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Similarity of triangles 


p 


| If the side lengths of two 
triangles are in proportion. 


If 
sthen A ABC ~ À XYZ 


If an angle of one triangle 
is congruent to an angle 
of another triangle and 
lengths of the sides 
including those angles are 
in proportion. 


A 
LA 


IIZ Cez Za 
CA _ CB 

ZX ZY 

s then A ABC ~ A XYZ 
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| Corollary (1) 


If a line is drawn parallel to one side of a triangle and intersects the other two sides or the 
lines containing them ; then the resulting triangle is similar to the original triangle. 


In each of the following figures : 


D E 
A 
A ^ 
g E: AO | 
c B E D C B 


If DE // BC and intersects AB and AC at D and E respectively »then À ABC ~ A ADE 


L Example In the opposite figure : 
DE // BC » AD = 33 cm. » DB = 22 cm. 
» DE = (2 X = 3) cm. and BC =(3 X + 1) cm. 


U Prove that: A ADE ~ A ABC Find the value of: X 


Corollary HI 


In any right-angled triangle » the altitude to the hypotenuse separates the triangle into two 
triangles which are similar to each other and to the original triangle. 


In the opposite figure : 

If A ABC is a right-angled triangle at A and AD L BC 

y then A DBA ~ A DAC ~ A ABC and from this we can deduce that : 
* (AB)! = BD x BC + (AC)? 2 CD x CB 

+ (AD)! = BD x DC * AD x BC=AB x AC 
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qa ABCD is a rectangle » Draw DF L AC to cut AC in E ;BCinF 
Prove that : The area of the rectangle ABCD = VAE x AC x DE x DF 


In the figure opposite: ABC is a right angled triangle at A, 
AD L BC, DE L AB, DF L AC. Prove that: 
(A) AADE ~ ACDF 


Area of rectangle AEDF = / AE « EB x AF x FC 


Solution 


Example | Complete : 


1) Two polygons are similar if 


2) If the side lengths of two triangles are in proportion » then the two triangles are 


3) In any right-angled triangle » the altitude to the hypotenuse separates the triangle into 
two triangles which are to each other and to the original triangle. 


4) Two polygons are similar if 

5) In the opposite figure : m 
Ta rana m, dem ac^ da 
(a) 5 em. (b) 11 em. Ss a © im B 
(c) 12 em. (d) 14 cm. œ 


6) Which of the following polygons are always similar 7 
(a) Two rectangles. (b) Two isosceles triangles. 
(c) Two rhombuses. (d) Two equilateral triangles. 
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Exercises (2) 


| 1 | Choose the correct answer from those given : 
(1) Two similar rectangles + the two dimensions of the first are 12 cm. + 8 cm. and the 
perimeter of the second is 60 cm. » then the length of the second 


rectangle = seee 
(a) 12 cm. (b) 18 cm. (c) 24 cm. (d) 16 cm. 
( 2) In the opposite figure : 
Which of the following expressions is wrong ? 
(a) (AB)! = BD x DC (b) (AC = CD x CB 
(c) (AD = DB x DC (d) AB x AC = BC x AD 
( 3 ) In the opposite figure : 
If DE // BC 
x then K = crenn 
(a) 6 cm. (b) 3 cm. 
(c) 5 cm. (d) 1.2 cm. 
( 4 ) In the opposite figure : 
AB/ CD »AE 23cm. 
"BE = 4 cm. » EC = 6 cm. 
o then ED = ssescsssseshes 
(a) 4 em. (b) 6 em. (c) 3 em. 


g” the opposite figure : 
ABN CD = (E) where E is outside the circle. 
If EB 26cm. 5 ED = 8 cm. DC = 7 em. 


(1) Prove that: A ADE ~ A CBE 
(2) Find the length of : AE 
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Lesson (3) 


Relation between the areas of two 
similar polygons 


Theorem (3) | Theorem (4) 


The ratio between the areas of the The ratio between the areas of the 
surfaces of two similar triangles surfaces of two similar polygons equals 
equals the square of the ratio between the square of the ratio between the 

the lengths of any two corresponding lengths of any two corresponding sides 
sides of the two triangles. | of the polygons. 


| Remarks 


e The ratio of the areas of two triangles having a common base equals the ratio of the 
two heights of the two triangles. 


In the opposite figure : 
BC is a common base of AA ABC + DBC 


“ 


Notice that : It is not necessary that the two triangles are similar. 


Notice that : It is not necessary that the two triangles are similar. 


The ratio of the areas of two triangles having a common height equals the ratio of the 
lengths of two bases of the two triangles. 


In the opposite figure : 


A 
AX is a common height for AA ABC + ADE f Y 
G 
E D X C B 
2 


Notice that : It is not necessary that the two triangles are similar. 
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Exercises (3) 


[ + )Compiete the following : 
(1) If two angles in one triangle are congruent to their corresponding angles in another 
triangle » then the two triangles are 
( 2) If the ratio between the perimeters of two similar polygons is 4 : 9 » then the ratio 
between their areas is 
( 3) In the opposite figure : 
D ab spana sess 


(4) In the opposite figure : 


SE qe 
C (2X+1)em D Xem. B 


[2] In the opposite figure : 
AE bisects Z DAB 


sarea of A ADE = 12cm? . 


Find the area of: AABC 


ABCD » XYZL are two similar polygons. If M is the midpoint of BC 
N is the midpoint of YZ AM =4 cm. »XN =9 cm. 

» prove that : 

area of polygon ABCD : area of polygon XYZL = 16: 81 
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Lesson (4) 


Application of similarity in the circle 


Well known problem Corollary 


{If AB » CD are two chords | If AB and CD are two If M is a point outside the 
in a circle chords in a circle circle s MC touches the 


» AB(1CD- {E} »AB() CD = (E) circle at C ; MB intersects 


it PE 
C A 
B 
B D E D C 


then then then 


EA x EB = EC x ED EA x EB = EC x ED (MC) = MA x MB 


Use the calculator or mental math to find the numerical value of x in each of the 
following figures. ( lengths are measured in centimetres) 
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In thé opposite figure: 
ABNCD={H} » HB=2cm. 
27cn. if = À 
» AB =7 cm. H Hc = 
» find the length of : HC 


In the opposite figure : 


BC isa tangent to a circle M 
; AB is a diameter 

s CA intersects the circle at D 
Find : 

( 1) The length of CB 

(2) The area of the circle 


Solution 


In the opposite figure : 

ABO DE={c} 

»CA = CB ; CD = 2 cm. : CE = 8 cm. 
, MDis a tangent to the circle 

»MB= + AB 

Find the length of MD 
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| Secant , tangent and measures of angles 


The measure of an angle formed by The measure of an angle formed 

two chords that intersect inside by two secants drawn from a point 

a circle is equal to half the sum of the outside a circle is equal to half the 

measures of the intercepted arcs. positive difference of the measures of 
the intercepted arcs. 


c 


B A B E 


m (£ AEC) = + [m (AC) + m (8D)] m (4 E) = [m (AC) - m (8D)] 


=a 


In the opposite figure : 
If m(Z A) = 50° 

and m ( BC ) 2:60? 
find mí BD ) 


In the opposite figure : 
m(Z A) 220? »m( DC ) = 70? 
»then m (BE Ý E sccscososesasse 


| Converse of the well known and the corollary 


If ABNCD = {E} ; 
AB «C sD and E are 


distinct points and 
EA x ER = EC x ED 


»then the points A » B ; 
C and D lie on the same 
circle. 


Fig. (1) 


Solution 


If AB (CD = [E] » 
A B >C »D and E are 


distinct points and 
FA x ER = EC x ED 


» then the points A » B > 
C and D lie on the same 
circle. 
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IfECCB ,EC EC » 
and (EA)? = EB x EC 


sthen EA isa tangent 
segment to the circle 
which passes througth the 
points A » B and C 


z 


€ 
D 11.8cm. C32cnP 
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Exercises (4) 


[+ JFind the numerical value of X in each of the following figures : 
(1) (2) 


C (X 6)cm 


(2) In the opposite figure : AD isa tangent to the circle M at D 
where AD = 15 cm. » if AB 29 cm. 
Calculate the radius length of the circle. 


g In the opposite figure: AB N DE = (C) - CA = CB 
»CD=2cm. CE=8 cm. 
» MD is a tangent segment to the circle and MB = + AB 


2 
Find the length of : MD 
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Lesson (1) 


Parallel lines and proportional part 


EE — M = 
` Maine is drawn parallel to one side of a triangle and intersects 
the other two sides or the lines containing them » then : 


The resulting triangle is similar It divides them into segments | 
to the original triangle whose lengths are proportional 


* In each of the following figures : 


If DE // BC and intersects AB and AC at D and E respectively » then : 
v A ADE — A ABC 


e AD _ AE 
“DB. EC 


and from the properdies of the proportion » we get : 


AB AC DB CE 


If a straight line intersects two sides of a triangle and divides them into segments whose 
lengths are proportional » then it is parallel to the third side of the triangle. 


In each of the following figures : 


AD. AE DE 0 DO 
DB Ec” then DE // BC 
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In the opposite ox 


In the opposite figure’; 

ABCD is a quadrilateral ; Y € BD » YX is drawn 
such that YX // DA intersecting ABatX ; 

YZ is drawn such that YZ // DC intersecting BCatZ 
Prove that: XZ // AC 
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Exercises (1) 


| 1 Jim each of the following figures: DE // BC. Find the numerical value of X (length in centimetres). 


2 |in the figure opposite: AB // DE and AE N BD = (C) 
AC = 6cm, BC = 4cm and CD = 3cm. 
Find the length AE 
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Lesson (2) 


Talis’ theorem 


| Theorem (2) 


Given several coplanar parallel lines and two transversals » then the lengths of the 
corresponding segments on the transversals are proportional. 


In the previous figures : 


If L, // L; // L, // L, and M » M are two transversals 
BC CD AC 


If the lengths of the segments on the transversal are equal » then the lengths of the 
segments on any other transversal will be also equal. 


In the opposite figure : 
If L, // L4 // L, II L} > 


M » M are two transversals to them 
and if AB = BC = CD 
, then AB = BC - CD 


Special | 


If the two lines M and M intersect at 


the point A and BE // CC 
AB _ AB 

then AB = AP 

"SAC AC 


and conversely if AB - AB »then BB // CC 
AC AC 
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Exercises (2) 


In each of the following figures, calculate the numerical values of x and y (lengths are 
measured in centimetres) 


(A) y 


[3] "AB (1 CD = (E), x e AB,y € CD and XY // BD // AC 
Prove that: AX x ED = CY x EB. 
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Lesson (3) 


Angle bisector and proportional parts 


Theorem (3) 


The bisector of the interior or exterior angle of a triangle at any vertex divides the 
opposite base of the triangle internally or externally into two parts » the ratio of their 
lengths is equal to the ratio of the lengths of the other two sides of the triangle. 


' AD bisects Z BAC internally. +: AD bisects Z BAC externally. 


. [BD _ AB . [BD _ AB 
“IDC AC [DC AC 
AD =V AB x AC=BDx DC AD =Y BD x DC-AB x AC 


- = 
| The bisectors of angles of a triangle are concurrent. ZN 


C B 


ABC is a triangle in which AB 24 cm. » BC = 5 cm. y CA =6 cm. «draw AD to bisect the 
angle A and intersects BC at D. 


Find the length of each of: BD + DC , AD 
Solution 
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Exercises (3) 


In each of the following figures: find the value of X (lengths are estimated in centimetres) 
f RN 
A aA 


2] In the opposite figure : 


Prove that : 


BE bisects Z ABC 


Ñ ABC is a triangle. its perimeter 1s 27cm. BD bisects Z B and intersects AC at D. 
If AD = 4cm and CD = Sem, find the length of AB , BC and AD 
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Lesson (4 
Power of a point with respect to a circle 
We knew that 
AB x AC = AF x AG=AD x AE = AL’ =constant 


A 
B 
AB x AC = constant C A Sf 


AF x AG = constant 


AD x AE = constant E YA 
AL? = constant = : 


So we called this constant "power of this point" 
With respect to the circle M. we denote it by Pyy( A) 


" AC=AM-r 


" AB=AM+r | 
“ Py(A) = AC x AB c 

E = (AM - r)( AM + r) Á 

N = AM — r? 


Summarily we can prove it if the point A rud the circle or lies on the 
circle . It will be the same rule circle . It will be the same rule Pu(A) = AM -t ——— — — AM?- 


If f point A outside the circle [AM > r] 
AM >r (squaring) 
(AM) > " 
(AMy-1^-0 
— So Py(A)>0 [positive value] . |. | | |. | | A )( | | _— 


AM<r (squaring) 
(AMP < r 
(AM) -r <0 
So, Pu(A) «0 ` [negative value] 


If point A inside the circle [ AM <r] z 
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If point A on the circle [AM = r] 
So, Py(A) -(AMy =p =0 [zero value] 


If P(A) = (AL) 
So, the length of the tangent drawn 
from A to circle M = „/ P(A) 


The set of the point which have the same power with respect to distinct 


circles is called the principal axis of the two circles 
If Py(A)=Px(A),then A lies on the principal axis of two circles M and N 
Summery 


If A lies outside circle M ; then : If A lies inside circle M ; then : 


Py (A)2AB x AC = AB x AC = (AD) Py (A) - AB x AC =—AB x AC 
Py(A) -(AM) -r 
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Exercises (4) 


( 1 ) Find the power of the given point with respect to the circle M which its radius length is r: 
“A The point A where AM = I2em and r = 9em 
B The point B where BM= 8 em and r= 15 em 
C The point C where CM=7 em and r = 7 em 
D The point D where DM- 4/17 em and r = 4 em 


.2 ` If the distance between a point and the centre of à circle equals 25cm and the power of 


this point with respect to the circle equals 400. Find the radius length of this circle. 


3 | The radius length of circle M equals 20cm, A is a point distant 16cm from the centre of 


the circle, the chord BC is drawn where A € BC and AB -2A C. Calculate the length 
of the chord BC. 


In the figure opposite: the two circles M and N are intersected at A and B 
where AB. CD LEF - (X), XD-2DC ,EF = 10cm and 

Pa (X) = 144. 

A Prove that "AB. isa principle axis to the two circles M and N. 

B Find the length of XC and XF 

c Prove that CDFE is a cyclic quadrilateral. 
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